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Abstract-In this paper, we diiuss the global attractivity of the neutral difference equation 
A (xn - c+ed + ~nxn-1 = 0, ?a=012 , 9 I..., 
where A is the forward difference operator, c E (-1, l), k, I are nonnegative integers, and @,,} ia a 
sequence of nonnegative real numbers. @ 1998 Else&r Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Let 2 denote the set of all integers. For a, b E Z, define N(a) = {a,a + 1,. . . }, N = N(O), and 
N(u,b)={a,a+l,..., b}whenaLb. 
Consider the following neutral difference equation: 
A(xn - -n-k) + PnXn-1 = 0, n E N, (1) 
where A is the forward difference operator defined by Az, = x*+1 - x,, c E (-1, l), k, 1 are 
nonnegative integers, and (pn} is a sequence of nonnegative real numbers. 
The asymptotic behavior of equation (1) with c = 0 has been studied by several authors, see 
for example, [l-6]. In [5], it is proved that if c = 0, {p,.,} is a positive sequence and 1 E N such 
that 
n+l 
lim supcpi < 1 n-W0 
i=n 
00 
c Pn = 00, 
n=O 
then every solution of equation (1) tends to zero as n + co. 
In [3], condition (2) is replaced by the weaker condition 
&nmsup 2 pi < 3+ 
1 
kn-1 
2 2(1+* 
(2) 
(3) 
(4) 
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While in [7], the authors studied the attractivity of neutral equation (1) baaed on the Liapunov’s 
direct method, which states that if (3) holds and that 
(5) 
then every solution of equation (1) tends to zero as n -+ 00. 
Our aim in this paper is to obtain a new sufficient condition for the global attractivity of the 
zero solution of equation (1). Our main theorem is as follows. 
THEOREM. Assume that (3) holds and that there exist a constant CY > 0 and an integer k” 
sufficient large such that 
n+l 3 
214(2 - ICI) + CP’ Ia < 2 + (1 - 21cl)2 
2(1+ 1) ’ 
n E N(k*). 
i=n 
Then the zero solution of equation (1) is globally attractive. 
Clearly, if c = 0, (2) or (4) holds, then (6) holds naturally. So, as corollaries to our result, the 
corresponding theorems in [3,5] are included. 
EXAMPLE. Let p,, be defined by 
Po=Pl=P2=;, ,=,=;, Pn+s =pn, for n E N, 
and 
Since 
k E N. 
n+2 3 44(2 - ICI) + CP' < Y-j + (1 - 2lcl)2 6 ? n E N, 
i=n 
and (3) holds, we may conclude from our theorem that the zero solution of the difference equation 
&n - %x-k) + Pn%-2 = 09 ncN 
is globally attractive. This conclusion, however, cannot be inferred from the result of [7], since 
n+4 
c 
ien 
Pi =; >2, 
which implies (5) does not hold. 
Let T = max(k,l). By a solution of equation (l), we mean a sequence {x,} of real numbers 
which is defined for all n E N(no - r) and satisfies equation (1) for n E N(m), for some no . It is 
easy to see that for any given no E N and initial conditions of the form xnO+j = uj, j E N(-r, 0), 
equation (1) has an unique solution {x,} which is defined for n E N(n0 - r) and satisfies the 
above initial conditions, we denote this solution by x(,;,,,,). 
Obviously, xn E 0 for n E N(n 0 - r) is a solution of equation (1) and is called the zero solution. 
The zero solution of equation (1) is said to be globally attractive if every solution x(,;,,,,) + 0 
as n 4 00. F’or the general background on difference equations, one can refer to [8,9].. 
For the sake of convenience, throughout this paper, we will use the convention Cf_*p, E 0, 
whenever j 5 i - 1 and 211 = x(,;,,,,). 
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2. PROOF OF THE THEOREM 
The proof of the theorem follows on combining the three lemmas. 
LEMMA 1. Assume that (3) holds and that {x,,},,~N(,,~) is a nonoscillatory solution of equa- 
tion (1). Then we have lim,,,, x, = 0. 
PROOF. There is no harm in assuming that xn > 0, for n E N(no). Let yn = x,., - cz+k, 
n E N(TXCJ + Ic). Then, Ay, = -pnxn-~ 5 0, n E N(no + T). Thus, {yn} is nonincreasing for 
nEN(no+r). 
First, we will show that {x,} is bounded. In fact, if {xn} is unbounded, then there exists an 
increasing sequence of integers {ni}iEN such that ni E iV(no + r), ni + oo(i + 00) and that 
xni = max{x,, : n E N(no - r,ni)}. This implies yni 2 x,$ - Iclxni-k 2 (1 - Ic[)x,~ + 00 as 
i + 00, which is impossible since {yn} is nonincreasing. So, {xn} is bounded, and so {yn} is also 
bounded. Thus, 
lim y,, = a E R. 
n--Pm (7) 
Hence. we have 
00 co 
c %h-~ = c (-Ay,) = yno+l - a. 
n=no+l n=no+l 
Since 5 p,, = 00, we know from (8) that 
n=l 
lim inf xn = 0. n-C0 (9) 
Next we shall prove a = 0 in (7). We assume, for the sake of contradiction, that a # 0, we 
only consider the case a > 0, the case a < 0 is similiar and is omitted. 
In this case, it is easy to see that c < 0. Since, c 2 0 implies that x, = y,, + Cz&_k 2 yn > a. 
Thus, lim,,,, inf xn 2 a, which contradicts (9). 
In view of (9), we can find an increasing sequence of integers {mi}iE~(l~ such that 
lim mi = 00, 
i-+00 
lim xmi = 0. i-+uJ (10) 
By (7), we have 
ymi - ymi-k = xmi - (1 + c)xmi-_k + ami-‘& --) 0, asi--,oo. (11) 
By (lO),(ll) and the fact that c < 0, it is easy to see that 
lim xmi-k = 0, i-boo 
lim xmi-2k = 0, i-00 
which imply 
ymi-k = xmi-k - am*-Pk + 0, al3i--tal. 
This contradicts the assumption that a > 0 in (7). So, 
lim yn = 0. n-m 
Let 52 = lim sup,,, xn. Then there exists a sequence of integers {li} such that 
lim Zi = 00, 
i-m0 
lim xii = 2. 
i-m0 
We now prove that 
z = 0. 
(12) 
(13) 
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In fact, (13) clearly holds for c = 0. If c < 0, then 
yli - Yl*-k = Xii - (1 + C)21i_k + cxCIi_2k + 0, asi+oo, 
which implies 
(1 + C)21i_k - c2&-2& + 2, asi+oo. 
It is easy to see that limiboo xli_k = limi,, 2&_2k = 1 and lim+oo yli_k = (1 - C)Z. By (12), 
we have 1= 0. 
If c > 0, by a similar fashion to the case c < 0, we get lim+oo yli = (1 - c)Z, which implies 
z= 0. 
Summing up the discussion above, it follows that lim,,, xn = 0. 
LEMMA 2. If (xn}ne~(n~) is an oscillatory solution of equation (1) and (6) holds, then {x,,} is 
bounded. 
PROOF. Assume, for the sake of contradiction, that {xn} is unbounded. Then there exists a 
sequence of integers {mi}ie~(i) such that 
lim mi = co, 
i-w0 lx7W I = m={lx,l : m E N(m - T, mi)}, 
and lim+,, lxmiI = 00. 
Let pn = xn - Iz?+,_k, n E N(nc). Then, 
this implies that (l/n) is unbounded. 
If eventually 
Azl,, 2 0 or Ayn 5 0, 
then 
or 
lim yn = 00 and lim 2, = co, n--roo n--roo 
lim y,, = -oo and J$nnxn = -oo. n+oo 
This is impossible since {xn} is oscillatory. 
Since (14) does not hold, there exists an integer A E N(no + k’ + 3r + 1) such that 
(14 
l9dl = ma {Ihl : 9-h E N (no, ii>} 
>max{lynl:nEN(no,no+k*+3r)}, 
and lye+11 < 1~~1. There is no harm in assuming that yfl > 0. Then, there exists an integer 
p E N(l,ii - no - k’ - 3r) such that 
Ays < 0, Ays+ = 0, for i E N&p - l), 
and Ays_, > 0. Since Ay,, = -p,,x,_~, we know xs--( > 0 and x~-~-I < 0, which imply that 
there is a n* E N(ii -p + 1,ii) c N(no + k’ + 3r + l), such that x+-l > 0 and x+_~+r < 0. 
Obviously, 
Yn* =$!fi = mM{I&J : n E N(no,n*)} 
=m~{~~~~:nEN(~+k*+3r+l,n*)}, 
and there exists a < E [0, 1) such that 
Z**-&l + cf (c&*--I - zn*__l__l) = 0. 
Therefore, 
yn*_&l + < (?/,,*-I - &*-I-I) = -c [(I - @h-l-k-l + <%*-l-k]. 
Let 
Then, 
z, = max{Izsl : s E N(no,n)}, for n E N(no). 
and clearly, 
IYn*-l-1 + t (Ye-.l - Ye-l-1)1 5 I+**> 
IAynl I Pnznz,, for n E N(no + r). 
For each m E N(n* - l,n*), 
IYm-1 - yn*-I-1 - < (Yel - l/T&l-l) I = 
5 
That is, 
n’-l-2 
- 
c Ayj - <AY~*-~-I 
j=m-1 
I 
a’-l-2 
c pj +&%*-l-l &a*. 
j=m-1 ) 
no-l-2 
/Xm-1 - am-l-k + ~((1 - <)%*-l-k-l + <%*-l-k)1 5 c Pj + <Pn*-l-1 .&a*. 
j=m-1 
So, for m E N(n* - l,n*), we have 
n’-1-2 
Izrn-11 I 214 + C Pj +<Pn*-l-1 
j=m-1 
Set 
n’-l-2 
Since 
4n = 214 + C Pj + tPn*-1-1, for mE N(n* -I,n*). 
j=m-1 
IAyml = Pmlzm-11 5 Pm+*, for m E N (n* - I, n*) , 
we have for m E N(n* - 1,n*), 
lAYrnl< min{pmzn*,pm~*dm) 3 
IYn* - Yn* -1-l - < (yn*-l - &*-I-l)1 = lyn* - Yn*-1 + (1 - 5) (yn*-l - I./n*-L-1)1 
n’-1 
5 C AYE + (l-5) IAyn*-l-11 
I I h=n*-1 
n*-1 
5 c mu (PhZn* vPh%*&) 
h=n*-1 
+ (1 - E) min {pn* -1-l~n~9Pn*-l-l~n*4a*-l-l}~ 
5 
(15) 
(16) 
(17) 
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Thus, 
r&‘-l 
I?h*I 5 I+n* + c min {~h+,Ph~,4} 
h=n* -I 
+ (1 - 5) rnin{~~~-~-~z,~,p,~-~-lz,~d,~-~-1}. 
On the other hand, since for any m E N(n,-, + k, n*), 
lvml L l&l - ICI lGn--kl 2 IGnl - Iclz;I*, 
and in view of the definition of n*, we can choose n* large enough such that 
Zn* > Zno+k. 
Thus, 
Ih=I = ma bhl :mEN(no+k,n*)} 
2 max {lz,,J : m E N (no + k, n*)} - IcIz,p 
= max {lz,l : m E N (no, n*)} - IcIzn* 
= (1 - IcI)zn*. 
Let 
Then, 
Set 
p = 3 + 0 - 21cl)2 - 14(2 _ ICI) 
2 2(1+ 1) 
n+l 
c Pi < P, nEN(k*). 
i=7& 
n*-1 
d = 214 + C pj + (I- <)pn*-l-l. 
j=n* -I 
We now consider the following two cases. 
CASE 1. d 5 1. By (18), we have 
l!h*I 5 (ICI + %*, 
where 
T&*--l n’-1 
I=2lCl C Ph + C Ph k Pj - 6 
( 
Pj - (1 - t)Pn*-l-1 
h=n* -1 h=n*-1 j=h-1 j=n* -1 
no-l-l 
+ (1 - <)Pn*-I-1 214 + C Pj - (1 - t)Pn*-I-1 
j=n*-21-1 
no-l n*-1 
< 214 c Ph +P c Ph - ; 
h=n* -1 h=n* -1 
no-l 
C ph - (1 - <)Pn*-I-1 
h=n* -1 
2 
Ph + (1 - <)Pn*-l-1 
(18) 
(19) 
(20) 
1 no-l -- 
2 c P”h + (1 - E)2P:._L, 
h=n*-1 
Since 
n*-1 n*-1 2 
c P2h + (1 - E)2Pn*-r-l 2 & c Ph + (1 - I)Pn*-r-1 , 
h=n* -I h-n’-1 
by (20), we have 
Iyn*I < ICI+(21CI+P)d-i 
2 ( 1+ 
For 
f(z) = ICI + @ICI + Pb - g+f 
is increasing in [0, 1 - 2143, in view of (20), we have 
lYn*l < 
( 
I4 + M4 + m - 44 - gp - w) .G* 
I (1 - ICI - 141 - 214)2) &* 
I (1 - I4hL*, 
which is contradicts with (19) and so Case 1 is impossible. 
CASE 2. d > 1. In this case, there exists an integer m* E N(O,1) such that 
n*-1 n’-1 
214 + c Pj 5 1 and 214 + c pj > 1. 
j=n*-m* j=n*-m*-1 
Therefore, there is an r) E (0, l] such that 
n*-1 
214 + C Pj + (1 - l))Pn*-m*-1 = 1. 
j=n*-_m* 
By (18), we have 
lYn*I I (ICI +11)&z*, 
where 
n*-m*-1 
11 = (1 - <)Pn*-I-1 + C Ph - (1 - 7))Pn*-m*-1 
h=n* -1 
( 
n*-I-1 
+ (1 - q)Pn*-m*-1 214 + C Pj - (1 - <)Pn*-l-1 
j=n*-m*-l-l 
no-l 
+ ,=F_m Ph 
?? ( 
n’-I-1 
214 + C Pj - (1 - E)Pn*-l-1 
j=h-1 1 
n*-m*-1 
= (I- 5)Pn*-z-1+ c Ph - (1 - rl)Pw-m*-1 
h=n*-1 
+ (1 - 214) (214 - (1 - t)Pn*-l-1) 
( n*-m*-1 n’-m’-1 + (1 -V)Pn*-m*-1 c Pj - C Pj j-n*-_m*-l-1 j=n*-1 1 
(21) 
(22) 
(23) 
n*-1 
+ ,=,C_, Ph 
. ??
h n*-m*-1 
C Pj - C Pj . 
j=n*-m* j=n*-1 
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By this and (22), we know 
n*-m*-1 
11 < 2ICl(l - 2lCl) + 2ICl(l - E)Pn*-l-1 + 2lCl C Pj 
j=n*-_I 
n’-1 
- (I- rl)Pn*-m*-1 + (I- dPPn*-m*--l + c P/I 
h=n. -m* 
= 2/4(1 - al4 - 2~C(Qh.-I-l + 44 
- (1 - Q)Pn*-m* 
Noticing that 
n’-1 
2 
- 214 C Pj - (1 -V)P**-m*-1 - i 
j=n*-m* 
= -2lCl(l - 214 - (1 - q)Pn*-m*-1) - (1 - rl)Pn*-me-1 
no-l 
-~(l-21Cl-(1-rl)Pn*-m*-~)2-~, C Pj” 
3-n*-m* 
p; + (1 - r])2P:*_m*__1 
and 
no-l 
C 
jm* -m* 
Pj” + (1 - 77)2Pi*-m*-1 2 & 
( 
n*-1 
z 
1 Pj + (1 - r))Pn*-m*-1 
) 
* 
j=n* -m* 
Then, we have 
11 < 21Cl(l - 2lcl) + 2lclP + (1 - 2lcl)P 
- 2141 - 214) - f(1 - 2jcl)2 - (:,:‘y;’ 
= 1 - 2lcl. 
Thus, by (23), we get 
IYn* I < (1 - ICI)Ga* I 
which is again contradicts with (19). So, Case 2 is also impossible and the proof of Lemma 2 is 
complete. 
LEMMA 3. Assume that (3) and (6) hold. If {x~},,~N(~J is a bounded oscillatory solution of 
equation (I), then 
lim zn = 0. 
n-+00 
PROOF. Let 
M = &nw sup lzn I < co, 
9 
we will show that M = 0. In fact, if A4 > 0, then for each c > 0, there exists A E N(m) such 
that 
I%1 < M + e, for n E N (ii - r) . (24) 
so, 
I%Sl 2 IGal - I4W + 4 for n E N (fi - T + Ic) . 
Let I = limsup,,, lg,J, then 
12 A4 - lcl(M + E), 
since e is arbitrary, we know 
I 2 (1 - ICI) M. (25) 
On the other hand, if {Vy,} is eventually nonpositive or eventually nonnegative, it is easy to 
see, by a similiar method to proof of Lemma 1, that 
lim P* = 0, n+oo 
which contradicts with (25). Thus, we may assume, for each e E (0, M), (24) holds and exists a 
n* E N(fi + Ic* + 3r + 1) such that 
Yn* > Yn*+lv Yn* 2 Yd-1, yfp > I-e 
and 
Let & be a constant such that 
Replace /3 by pi, by the similar method to the proof of Lemma 2, it is easy to see that there is a 
positive number 6, such that 
yn* < (1 - ICI - 6) (A4 + e). 
Thus, 
I 5 (1 - ICI - 6) (A4 + e) + e. 
Also, by the arbitrarily of c, we know 
I 5 (1 - [cl - 6) M < (1 - ICI) M, 
thii contradicts with (25) and the proof is complete. 
REMARK. From the proof of Lemmas 1 and 2, it is easy to see that if there is an integer k’ 
suflkient large such that 
n+l 214@ 3 (1 - 2lcl)2 - ICI) + CP’ 5 
Yj 
+ 
2(1 + 1) 9 ncN(k*). 
i=n 
Then every solution {x,},e~~,,,,~ of equation (1) is bounded. 
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